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a b s t r a c t

Optically clear adhesives (OCAs) are widely used as bonding materials in display industries. Accurate
characterizations on the mechanical behaviors of OCAs are fundamental inputs in bending stress
analysis of foldable displays for the optimal design purpose. Yet only a few works have studied the
mechanical behaviors of OCAs. No network-based visco-hyperelastic constitutive model has ever been
developed or applied to OCAs. In this work, we propose a visco-hyperelastic constitutive model based
on the microscopic structure of polymer networks to characterize the mechanical behaviors of OCAs
under different loading conditions. The model considers that the OCA consists of crosslinked networks
and free chains, both of which are under topological constraints induced by entanglements. The
hyperelastic response comes from the crosslinked networks, while the viscoelastic response originates
from the free chains. We test the OCAs produced by 3M by loading them to large deformations with
different loading rates. Results show that our model can well capture the visco-hyperelastic mechanical
behaviors under these conditions. In addition, we program our constitutive model into ABAQUS UMAT
and use two case studies to show the application of our model in finite element simulations.

© 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Optically clear adhesive (OCA), a kind of soft, transparent, and
early incompressible elastomer, is widely used as bonding mate-
ials in foldable displays like flexible organic light-emitting diode
OLED) and active-matrix organic light-emitting diode (AMOLED)
creens because of its good adhesion [1]. As a product of acrylate
hemistry, OCAs consist of crosslinked networks and free chains,
2–5] and hence have a rate-dependent visco-hyperelastic behav-
or under mechanical loadings [6]. An accurate characterization
n such mechanical properties is vital to the bending stress
nalysis in the next-generation foldable displays since it serves
s the fundamental study for the optimal design purpose [7].
Quiet a lot of hyperelastic constitutive models have been de-

eloped for soft polymers, most of which are phenomenological
8–12]. In order to characterize the mechanical behaviors of such
aterials by a desired accuracy, some network-based constitutive
odels have been developed by looking into the microscopic
tructures of the polymers. Based on statistical mechanics, two
odels, the Gaussian chain model and the non-Gaussian chain
odel, have been developed to characterize the conformation
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of polymer chains under deformation [13]. The former one as-
sumes a Gaussian probability distribution of the polymer chain
density under a given stretch [14]. The latter one adopts the
Kuhn–Grün probability distribution function to describe the sta-
tistical distribution of the chain density under finite extensibility
[15]. It is found that for large deformations, the Kuhn–Grün
model is much more accurate [15]. The work then focuses on
how to model the network of a great deal of polymer chains
and bridge the gap between the microscopic structures and the
macroscopic properties to obtain a continuum theory that can
characterize the mechanical response of soft polymers under
finite deformations. A lot of models have been proposed after-
wards, including James–Guth-three-chain-model [16], Arruda–
Boyce-eight-chain-model [17], the average-stretch-model [18],
and Wu–Giessen full-network model [19], all assuming an affine
deformation of the polymer networks. Later on, Miehe et al. [20]
proposed a micro–macro approach to rubber-like materials based
on the non-affine micro-sphere model. Another important feature
of the microstructure of polymers is the topological constraint
effects owing to the entanglement of polymer chains [21]. To
capture this effect, Deam and Edwards [22], Edwards and Vilgis
[23], Doi and Edwards [24,25], Heinrich and Straube [26,27],
Heinrich and Kaliske [28], and Heinrich et al. [29] developed the
so-called tube model. The theory basically says the polymer chain
is constrained in a virtual tube whose diameter is determined by
the macroscopic deformation of the polymer [25]. Meissner and
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atějka [30], Miehe et al. [20], and Xiang et al. [31], combined
he tube model with the eight-chain model, the non-affine micro-
phere model, and the average-stretch model, respectively, to
haracterize the hyperelasticity of soft polymers.
The finite deformation viscoelastic models have also been

xtensively studied. Simo and Holzapfel propose their viscoelastic
odels based on the evolutions of the internal variables, along
ith the material update schemes for finite element

mplementations [32,33]. Based on their efforts, Lion [34], and
eese and Govindjee [35] developed new constitutive models
y different evolution equations of internal variables to address
he characterization on hysteresis. Bergström and Boyce [36]
ormulated a nonlinear evolution law on internal variables for
heir viscoelastic model by making an emphasis on the study of
he hysteresis of biological tissues. Miehe and Göktepe [37] de-
eloped a viscoelastic model with the non-affine effect of defor-
ation based on their previous work [20]. Recently, Khajehsaeid
t al.’s work [38] studied a new viscoelastic model by combining
he hereditary integral with a strain-rate-dependent relaxation
ime scale. Liu et al. [39] developed a finite deformation linear
odel for viscoelastodynamics based on a thermodynamically
onsistent evolution equation of viscoelastic internal variables.
esides these phenomenological models, several network-based
iscoelastic models have also been proposed. Doi and Edwards
25,40] pointed out that the viscoelasticity of polymers con-
ists of two processes: the contour length relaxation process
nd the disengagement process of the primitive chain. The re-
axation functions and the associated viscous parameters have
een formulated and calculated respectively in subsequent works
40,41]. Based on these studies, Xiang et al. [42] proposed a
etwork-based visco-hyperelastic model on soft digital materials
DMs). Clifton et al. [43] proposed a network-based, quasilinear
iscoelastic model for polyurea. Tang et al. [44] worked out a two-
cale mechanism-based theory of nonlinear viscoelasticity by an
mprovement of the tube model to describe the free chain mo-
ion at microscales. Besides these continuum models, molecular
ynamics and multiscale simulations also play a role in modeling
iscoelasticity of elastomers. Li et al. [45] applied coarse-grained
odel to acquire the tube diameter and primitive chain length
f the entangled network and used these results as the input of
he continuum level computations. Later, Li et al. [46] adopted
he large-scale molecular dynamics to reveal some important
hysical mechanisms of crosslinked network and free chains.
For OCAs used in flexible displays, several phenomenological

odels have been applied to study their mechanical behaviors.
or instance, Cheng et al. [47] adopted some phenomenological
yperelastic models to characterize the mechanical behavior of
CA and apply them on a bending simulation of AMOLED dis-
lay. Salmon et al. [48] adopted a linear viscoelastic model to
haracterize the OCA used in a foldable display panel. Jia et al. [7]
nd Nath and Gupta [49] used Yeoh model associated with Simo’s
iscoelastic theory to characterize the mechanical behaviors of
CAs. Yet such characterizations are restricted in a relatively
mall deformation range (stretch ≤ 3) without any depiction
n the rate-dependent stress behavior. And no network-based
isco-hyperelastic constitutive model has ever been applied to
his material.

In the present paper, we propose a three-dimensional network-
ased visco-hyperelastic model for OCAs. This model considers
oth Wu and Giessen’s full-network polymer structures [19] and
ree polymer chains along with topological constraints. Two main
rigins of viscoelasticity: the contour length relaxation and the
isentanglement of free chains are taken into consideration. The
icro-sphere integral used in the model is calculated numerically
ith a great accuracy and speed. The viscoelastic stress is up-

ated with respect to time in a recursion manner. The model is

2

validated by the experimental tests conducted on 3M OCAs. The
rate-dependent mechanical response of the model is thoroughly
studied in the paper. A material update scheme is developed for
the numerical implementation of our constitutive model.

The paper is arranged in the following way. In Section 2, we
describe the derivation of the network-based visco-hyperelastic
constitutive model and propose a material update scheme for the
finite element method. In Section 3, the experimental setup is
briefly described. In Section 4, the experimental data are applied
to validate our constitutive model under different loading condi-
tions. We also compare the full-network chain model with other
two simplified-network models. Then, we present two case stud-
ies by using an ABAOUS UMAT subroutine where our constitutive
model is programmed. We summarize our work in Section 5.

2. The constitutive model

The OCAs used as display bondings are products of acrylate
chemistry. Just like other soft polymer compounds, the molecular
network of OCA consists of crosslinked network and free chains,
which are usually made of methyl methacrylate (MMA) or 2-
hydroxyethyl acrylate (HEA) monomers [50]. In the rubbery state,
the stress in such material is contributed by two parts: one is
the hyperelastic part from the crosslinked network (Fig. 1(a)), the
other is the viscoelastic part from the free chains (Fig. 1(b)) [42].
Both the crosslinked network and free chains are under topo-
logical constraints which are arising from entanglements. The
polymer chains can only move and deform under such constraints
depicted by the tube model (Fig. 1(a2) & (b2)).

2.1. The hyperelasticity of soft polymers

The crosslinked networks are the main contribution to the
hyperelasticity of the polymer since they achieve the equilibrium
under applied loads at instant. The deformation of a single poly-
mer chain is characterized by entropic elasticity. That is, the force
within a polymer chain is determined by its possible microstate
which is characterized by the end-to-end stretch (Fig. 1(a1)).
Most of the polymer chains in the network can only move and
deform under the constraints of the surrounding chains due to
entanglement [24]. A so-called tube model is proposed to char-
acterize such constraints applied on these polymer chains [24,25].
Generally speaking, the move and the deformation of the polymer
chains are constrained within a tube of a uniform diameter d
which depends on the macroscopic deformation of the material.
With this constraint, the primitive path (the shortest end-to-end
path of a single polymer chain with the same topology as the
chain itself) of each polymer chain cannot intersect with each
other. As the tube deforms with the entire piece of the material,
the polymer chain takes random walks within the tube and the
contour length of the primitive path fluctuates, creating addi-
tional microstates. Hence, an extra entropy arises to the whole
crosslinked network. By using an additive split, the Helmholtz
free energy density of an individual chain in the crosslinked
networks can be written into two parts:

W = W f
+ W c, (1)

where W f is the free energy of the end-to-end deformation
of the polymer chain; while W c characterizes the free energy
of the fluctuation in the contour length of the polymer chain
because of entanglement. The Helmholtz free energy in Eq. (1)
can be written in the form of the probability density functions:
ψ f and ψ c that describe the possible microstates of the end-to-
end deformation and the fluctuated contour length given by the
tube-like constraint, respectively:

W = −k T (lnψ f
+ lnψ c), (2)
B
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Fig. 1. The OCA is decomposed into the (a) crosslinked network and (b) free chains. The total stress is split into two parts: the hyperelastic part σH , and the viscous
art σV . The hyperelastic part σH is a composition of (a1) the end-to-end conformation of the network chain and (a2) the tube-like topological constraint. The
iscous part σV arises from two relaxation processes: (b1) the contour length relaxation of free chains and (b2) the disentanglement process of free chains modeled
y reptations in tube-like constraints.
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here kB is Boltzmann constant and T is the temperature. Next,
e will look for the approach to write out the explicit expressions

or both ψ f and ψ c . In polymer science, the geometric structure
f a polymer chain is idealized to be composed by averagely
segments called monomers with an equal length of l. For an

nstrained free chain, the end-to-end distance r0 can be obtained
y statistical mechanics: r0 =

√
Nl (Fig. 1(a1)) [18]. By adopting

to be the current deformed end-to-end distance as the polymer
hain is strained, one can derive the stretch λ and the relative
tretch λr respectively:

=
r
r0

and λr =
r
Nl

=
λ

√
N
, (3)

with λ ∈ [0,
√
N) and λr ∈ [0, 1). For polymer chains under finite

xtensibility, the probability density of a single polymer chain is
function on the relative stretch that obeys Langevin probability
istribution:

f
= ψ

f
0 exp[−λrNL−1 (λr)− N ln

L−1 (λr)

sinh L−1 (λr)
], (4)

here ψ f
0 is the normalizing coefficient; L−1 (·) is the inverse

angevin function. Therefore, the contribution to the free energy
f the deformation of the polymer chain without entanglement
an be written as:

f
= kBT

[
λrNL−1 (λr)+ N ln

L−1 (λr)

sinh L−1 (λr)

]
+ W f

0 , (5)

where W f
0 = kBT lnψ f

0 is a constant. Next, we consider the free
energy arising from the tube-like constraint due to entanglement.
According to Doi and Edwards’s hypothesis [25], by taking the
polymer chain as a random reptation confined within a tube, its
fluctuated contour length given by the tube-like constraint leads
to the probability density function:

ψ c
= ψ c

0 exp[−α

( r0
d

)2
], (6)

where ψ c
0 is the normalizing coefficient; α is a factor that de-

ends on the shape of the cross-section of the tube. Henrich and
 i

3

Straube [26,27] proposed a relationship between the deformation-
dependent tube diameter d and the principal stretch λi:

di = d0λ
1/2
i , (7)

where d0 stands for the diameter of the undeformed tube
(Fig. 1(a2)), while di denotes for the effective diameter of the de-
formed tube in the ith direction. One should notice that the tube
diameter deforms nonaffinely in Eq. (7). According to Rubistein
and Panyukov [51], it satisfies the condition of topological invari-
ance under network deformation. And there are also other more
generalized models from literatures that describe the nonaffine
tube deformation in highly entangled networks [52–54]. Here we
just adopt the one derived by Doi and Edwards [25] for simplicity.
Combining Eqs. (6) and (7), ψ c is then rewritten as:

ψ c
= (ψ c

0 )
3

3∏
i=1

exp[−

(
r0
d0

)2
α

λi
]. (8)

The free energy from the entanglements of the tube-like con-
straints is:

W c
= αkBTN

l2

d20

3∑
i=1

1
λi

+ W c
0 , (9)

where W c
0 = 3kBT lnψ c

0 . By letting Ge
= αkBTN l2

d20
, W c can be

ewritten as:

c
= Ge

3∑
i=1

1
λi

+ W c
0 . (10)

or now, we have formulated the free energy of a single polymer
hain in the crosslinked network. To relate this single-chain free
nergy with the macroscopic bulk energy of the polymer, we con-
ider a unit sphere containing n polymer chains in the reference
onfiguration. By assuming that all the chains are homogeneous,
he free energy within the unit sphere is:

=

∫ π

0

∫ 2π

0
n(W f

+ W c)C sin θdϕdθ, (11)

here θ and ϕ are the angular coordinates of the unit sphere
n the reference configuration; C is the so-called molecular chain
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rientation distribution function (CODF), named by Wu and
iessen [19]. We here briefly summarize the work described in
heir paper and follow their process to derive the constitutive law
or the hyperelastic part of the stress. By noticing that the total
umber of the polymer chains conserves in the unit sphere and
nvoking the isotropic distribution, one can get C equals to 1

4π in
he reference configuration. Unlike the tube constraint, we link
he deformation of the single polymer chain to the macroscopic
eformation of the polymer by adopting the affine deformation
ssumption:

= Fr0, (12)

here r and r0 are the current and initial end-to-end vector of
he polymer chain, respectively; F is the macroscopic deformation
radient. The initial end-to-end vector r0 can be parametrized in
he spherical coordinate system as:

0 = r0(sin θ cosϕe1 + sin θ sinϕe2 + cos θe3), (13)

here r0 = |r0|; {ei} is a set of orthonormal basis defined in
he reference configuration. The stretch λ then can be written
s λ2 = r0 · FTFr0/r20 . By noticing that FTFmi = λ2i mi in an
ffine manner [19], with λi being the ith principal stretch, one
an obtain:

2
=

3∑
i=1

m2
i λ

2
i , (14)

here m1 = sin θ cosϕ, m2 = sin θ sinϕ, and m3 = cos θ ;
i = miei(no sum). The hyperelastic principal stress in the
urrent configuration can then be written as:

H
i = λi

∂W
∂λi

− p, (no sum on i) (15)

where p is the pressure term for the incompressible material.
Substituting Eqs. (5), (10), and (11) into Eq. (15), we can derive
the hyperelastic part of the principal stress by ignoring the term
irrelevant to the deformation in the free energy function:

σH
i =

1
4π

CR
√
N

∫ π

0

∫ 2π

0
L−1

(
λ

√
N

)
λ2i (mi)

2

λ
sin θdθdϕ

− Ge/λi − p, (16)

where the rubber modulus CR=nkBT . One should notice that the
integral in Eq. (16) is performed in the reference configuration.
The corresponding Cauchy stress tensor can be written as:

σH
=

3∑
i=1

σH
i ni ⊗ ni, (17)

where ni is the ith principal direction of the left Cauchy–Green
tensor. The integral is computed numerically by the method
proposed of Miehe et al. [20] with a great accuracy and speed.

2.2. The viscoelasticity of soft polymers

Besides the crosslinked networks, soft polymers also contain
free chains. Just like the crosslinked polymer chains, the free
chains consist of a number of monomers and are entangled with
their neighboring chains. Yet unlike the crosslinked chains, these
free chains go to their thermal equilibrium at an observable
time scale, thus, they contribute to the viscoelasticity of the
polymers. The viscoelasticity mainly comes from two processes:
one is the relaxation process of the end-to-end contour length
of the primitive paths of free chains (Fig. 1(b1)); the other is
the disentanglement process of free chains, modeled by repta-
tion dynamics under the tube-like constraints (Fig. 1(b2)) [40].
Therefore, the viscous stress σV can be split into two parts,
4

which are σV
f and σV

c with respect to two different relaxation
functions ϕf and ϕc [42]. Based on previous works [38,42,55,56],
one can express both parts of the viscous stress in the form of the
convolution integral:

σV
f (t) =

∫ t

−∞

∂σH
f

∂τ
ϕf (t − τ) dτ = σH

f (t)

−

∫ t

−∞

σH
f (τ )

∂ϕf (t − τ)

∂τ
dτ , (18a)

V
c (t) =

∫ t

−∞

∂σH
c

∂τ
ϕc (t − τ) dτ = σH

c (t)

−

∫ t

−∞

σH
c (τ )

∂ϕc (t − τ)

∂τ
dτ , (18b)

where σH
f and σH

c are the associated hyperelastic stress with
espect to σV

f and σV
c . One should notice that we have adopted

he assumption: σV
f (t = −∞) = σV

c (t = −∞) = 0. The free
hains can form transient crosslinked networks without preferred
rientations due to twisting and knotting; [57] and their dis-
ntanglement process also involves fluctuation of the contour
ength under tube-like constraints. Hence, the associated hyper-
lastic stress of free chains can be assumed to have the same
xpressions with those of the crosslinked networks [42]. Here,
e split the expressions of the hyperelastic stress into two parts
nd assign them new material parameters that characterize the
echanical properties of the free chains: the first part σH

f is con-
ributed by the end-to-end deformation of a free chain, and the
econd part σH

c is contributed from the contour length fluctuation
iven by the tube-like constraint during disentanglement:

H
f =

3∑
i=1

1
4π

CR
V

√
NV

∫ π

0

∫ 2π

0
L−1

(
λ

√
NV

)

×
λ2i

(
m0

i

)2
λ

sin θdθdϕni ⊗ ni − pf I, (19a)

σH
c =

3∑
i=1

−(Ge
V/λi)ni ⊗ ni − pc I, (19b)

where I is the second-order identity; CR
V , NV , and Ge

V are addi-
tional material parameters that need to be fitted, and usually are
referred as material parameters of the free chains. The viscous
stress σV

f originated from the contour length relaxation process
will relax over a time scale τR. The stress σV

c arising from the
disentanglement process, however, will relax over a different
time scale τD. The relaxation functions, formulated by Lin [41],
nd Doi and Edwards [25], should be:

f (t) =

∑
k=odd

8
k2π2 exp(−k2t/τR), (20a)

ϕc (t) =

∑
p=odd

8
p2π2 exp(−p2t/τD). (20b)

By summing Eqs. (19a) and (19b) together, one can obtain the
viscous stress:

σV
= σV

f + σV
c . (21)

The total Cauchy stress is then written as:

σ = σH
+ σV . (22)
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able 1
mplementation of the visco-hyperelastic constitutive model at the t = tn+1
ased on the results of t = tn .
1 Calculate the hyperelastic part of the stress based on Eqs. (16)

& (17) when t= tn+1

σH
i =

1
4π C

R
√
N

∫ π
0

∫ 2π
0 L−1

(
λ

√
N

)
λ2i

(
m0

i

)2
λ

sin θdθdϕ − Ge/λi − p

σH
=

∑3
i=1 σ

H
i ni ⊗ ni .

2 Calculate the viscous stress based on Eq. (29) when t= tn+1

hf
k (tn+1) = qf

k (tn)+
8

k2π2 exp
(
−

k2∆t
2τR

) (
σH
f

)
n+1

,

qf
k (tn+1) = exp

(
−

k2∆t
2τR

)
[exp

(
−

k2∆t
2τR

)
hf
k (tn+1)−

8
k2π2

(
σH
f

)
n+1

],

(σV
f )n+1 =

∑
k=odd h

f
k(tn+1).

3 Calculate the viscous stress based on Eq. (29) when t= tn+1

hc
p (tn+1) = qc

p (tn)+
8

p2π2 exp
(
−

p2∆t
2τD

) (
σH
c

)
n+1 ,

qc
p (tn+1) = exp

(
−

p2∆t
2τD

)
[exp

(
−

p2∆t
2τD

)
hc
p (tn+1)−

8
p2π2

(
σH
c

)
n+1],

(σV
c )n+1 =

∑
p=odd h

c
p(tn+1).

4 Sum up the results obtained by step 1∼3 to get the total
Cauchy stress tensor: σ = σH

+ σV
f + σV

c at t= tn+1 .

5 Calculate the elasticity tensor for σH , σV
f , and σV

c at t= tn+1
according to Eq. (31)∼(33).

6 Calculate the spatial elasticity tensor with respect to the
Jaumann rate of the total Cauchy stress tensor σ at t = tn+1
by Eq. (30):

2.3. Material update algorithm of the constitutive model

This section summarizes the key details on the numerical im-
lementation of the constitutive model. An algorithm is proposed
o update the total Cauchy stress and the spatial elasticity tensor
ith respect to each time step. Now suppose we have obtained
he value of σV

f at the time step t = tn, which is (σV
f )n. Then the

value of σV
f at the time step t = tn+1 can be written as:

(σV
f )n+1 =

∫ tn+1

−∞

∂σH
f

∂τ
ϕf (tn+1 − τ) dτ . (23)

Substituting Eq. (20a) into Eq. (23), one can have:

(σV
f )n+1 =

∫ tn+1

−∞

∂σH
f

∂τ

∑
k=odd

8
k2π2 exp[−

k2(tn+1 − τ )
τR

]dτ , (24)

y letting hf
k(tn+1) denote for

∫ tn+1
−∞

∂σH
f

∂τ
8

k2π2 exp[−
k2(tn+1−τ )

τR
]dτ ,

ne can have:

σV
f )n+1 =

∑
k=odd

hf
k(tn+1). (25)

eanwhile, the time integral in Eq. (24) can be re-integrated with
espect to the time intervals τ ∈ (−∞, tn] and τ ∈ (tn, tn+1]; and

(σV
f )n+1 =

∑
k=odd

exp(−
k2∆t
τR

)hf
k(tn)

+

∫ tn+1

tn

∂σH
f

∂τ

∑
k=odd

8
k2π2 exp[−

k2(tn+1 − τ )
τR

]dτ , (26)

here∆t = tn+1−tn. To numerically calculate the time integral in
q. (26), we apply the means of the midpoint rule, i.e., t ∼

tn+tn+1
2 .

he time derivative then becomes
∂σH

f
∂τ

⏐⏐⏐⏐ tn+tn+1
2

≈

(
σH
f

)
n+1

−

(
σH
f

)
n

∆t ,

nd the recursion law for hf
k(tn):

hf
k (tn+1) = exp(−

k2∆t
)hf

k (tn)
τR

5

+
8

k2π2 exp
(

−
k2∆t
2τR

)
[
(
σH
f

)
n+1

−
(
σH
f

)
n
]. (27)

ne can further let qf
k (tn) = exp

(
−

k2∆t
2τR

)
[exp

(
−

k2∆t
2τR

)
hf
k (tn)−

8
k2π2

(
σH
f

)
n
], and get the stress update algorithm for σV

f , that is:

hf
k (tn+1) = qf

k (tn)+
8

k2π2 exp
(

−
k2∆t
2τR

) (
σH
f

)
n+1

, (28a)

qf
k (tn+1) = exp

(
−

k2∆t
2τR

)
[exp

(
−

k2∆t
2τR

)
hf
k (tn+1)

−
8

k2π2

(
σH
f

)
n+1

], (28b)

(σV
f )n+1 =

∑
k=odd

hf
k(tn+1). (28c)

imilarly, the stress update algorithm for σV
c is:

c
p (tn+1) = qc

p (tn)+
8

p2π2 exp
(

−
p2∆t
2τD

) (
σH
c

)
n+1 , (29a)

c
p (tn+1) = exp

(
−

p2∆t
2τD

)
[exp

(
−

p2∆t
2τD

)
hc
p (tn+1)

−
8

p2π2

(
σH
c

)
n+1], (29b)

σV
c )n+1 =

∑
p=odd

hc
p(tn+1). (29c)

ombining Eqs. (21)∼(22), (28a)∼(28c), and (29a)∼(29c), we
ave the full scheme of the total Cauchy stress update algorithm
hich is summarized in Table 1.
The spatial elasticity tensor with respect to the Jaumann rate

f the total Cauchy stress tensor σ at t = tn+1 can be readily
erived from Eqs. (22), (28a), and (29a), which is:

tot (tn+1) = c0 (tn+1)+

∑
k=odd

8
k2π2 exp

(
−

k2∆t
2τR

)
cfk(tn+1)

+

∑
p=odd

8
p2π2 exp

(
−

p2∆t
2τD

)
ccp(tn+1) + σ ⊗ I + I ⊗ σ, (30)

where c0 is the elasticity tensor with respect to σH , cfk is the
lasticity tensor with respect to σH

f , and cck is the elasticity tensor
ith respect to σH

c . The way to calculate the spatial elasticity
ensor c with respect to an elastic energy density function W
f an incompressible elastomer can be found in the work by
onnolly et al. [58]:

=

3∑
a,b=1

(γab − 2δabβa)(na ⊗ na ⊗ nb ⊗ nb)

+

3∑
a,b=1;a̸=b

βbλ
2
a − βaλ

2
b

λ2b − λ2a
[(na ⊗ nb)(na ⊗ nb + nb ⊗ na)], (31)

where

γab =

[
λb(λa

∂W
∂λa

)
∂W
∂λb

]
+

1
9

3∑
c,d=1

[λd(λc
∂W
∂λc

)
∂W
∂λd

]

−
1
3

3∑
c=1

[λc(λa
∂W
∂λa

)
∂W
∂λc

+ λb(λc
∂W
∂λc

)
∂W
∂λb

], (32)

a = λa
∂W
∂λ

−
1
3

3∑
λb
∂W
∂λ

, (33)

a b=1 b
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Fig. 2. The fitting results of engineering stress–strain curves for uniaxial tension. The engineering tensile strain is defined as the elongated length of the sample
divided by the original length. The 11-component of the stress tensor is plotted. (a): the experimental data and fitting results of uniaxial tension test at stretch rates
ε̇ = 0.01 s−1 , 0.1 s−1 , and 1 s−1; each loading rate is tested by multiple times and the standard deviations are plotted in error bars. (b): The hyperelastic part PH

and the viscous part PV of the engineering stress for different loading rates. (c): the engineering stress PV
f contributed from the contour length relaxation of free

hains at different loading rates. (d): the engineering stress PV
c contributed from the disentanglement of free chains at different loading rates.
m
or incompressible materials: λa = J−
1
3 λa. The derivations and

ther details of Eq. (31) ∼(33) are not included in this paper for
implicity.

. The experimental setup

Uniaxial tension experiments on 3M optically clear adhesives
OCAs) are conducted on an Instron 6800 material testing ma-
hine at different stretch rates ε̇ = 0.01 s−1, 0.1 s−1, and 1 s−1.
he applied deformation can be characterized by the following
eformation gradient:

uni =

⎡⎣1 + ε̇t 0 0
0 (1 + ε̇t)−1/2 0
0 0 (1 + ε̇t)−1/2

⎤⎦ . (34)

he experiments are carried out under the room temperature
ith a 50% relative humidity. The dimension of our material is
0 mm × 10 mm × 0.1 mm (Length × Width × Thickness). The
oading speed of the testing machine is determined by the stretch
ate ε̇ and the length of the sample between the upper and the
ower clamps. The displacement and the force are recorded by the
esting machine.

We also conduct the simple shear test on a TA DMA850 dy-
amic thermoelastic analysis (DMA) machine at different loading
ates ε̇ = 0.01 s−1, 0.1 s−1, and 1 s−1 for the same type of OCA.
he applied deformation can be characterized by the following
eformation gradient:

shear =

[1 ε̇t 0
0 1 0
0 0 1

]
. (35)

he experiments are carried out under the room temperature
ith the same relative humidity. The dimension of the tested
6

aterial is 10 mm × 10 mm × 0.1 mm (Length × Width ×

Thickness). The loading speed of the machine is determined by
the stretch rates ε̇ and the thickness of the sample.

The stress relaxation test and the loading–unloading test are
conducted on the same DMA machine by using the simple shear
mode. In the stress relaxation test, the samples are loaded up to
500% engineering shear strain at shear rates ε̇ = 0.01 s−1, and
0.1 s−1, then are held steady for 900 s. In the loading–unloading
test, the samples are loaded up to 800% engineering shear strain
at shear rates ε̇ = 0.01 s−1, and 0.1 s−1, then are unloaded to
zero stress state with the unloading rate ε̇ = −0.01 s−1, and
−0.1 s−1, respectively. The time–force curve is recorded by the
DMA machine.

4. Results and discussions

In this part, we apply our constitutive model to fit the ex-
perimental data of the 3M OCAs. The material parameters are
extracted by matching the constitutive model with results from
the uniaxial tension test and the simple shear test. The relaxation
test and the loading–unloading test are carried out to verify the
fitting results. A comparison between the full-network model
with other simplified-network models is presented afterwards.
We then program the constitutive model into ABAQUS UMAT by
using the algorithm proposed in Section 2.3. Two cases are shown
as the examples that verify the applicability of our model to finite
element simulations.

4.1. The fitting results under the room temperature

In this section, we apply the Nelder–Mead method [59] to fit
the material parameters by using the experimental data derived
from the uniaxial tension test (Fig. 2) and the simple shear test
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Fig. 3. The fitting results of engineering stress–strain curves for simple shear. The 12-component of the stress tensor is plotted. (a): the experimental data and fitting
esults of uniaxial tension test at stretch rates ε̇ = 0.01 s−1 , 0.1 s−1 , and 1 s−1; each loading rate is tested by multiple times and the standard deviations are plotted
in error bars. (b): The hyperelastic part PH and the viscous part PV of the engineering stress for different loading rates. (c): the engineering stress PV

f contributed
from the contour length relaxation of free chains at different loading rates. (d): the engineering stress PV

c contributed from the disentanglement of free chains at
different loading rates.
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(Fig. 3) under the room temperature (298 K). The fitting results
are verified by the relaxation test and the loading–unloading test
(Fig. 4). Each test is carried out at different loading rates, and
the test for each loading rate is conducted by multiple times.
The fitting results are plotted in the components (11-component
for uniaxial tension and 12-component for simple shear) of the
engineering stress tensor P defined as:

P = JσF−T , (36)

with respect to the corresponding strains. The fitted material
parameters are listed in Table 3. The fitting results show that the
rubber modulus of the entanglement in the crosslinked network
Ge is zero, indicating that almost all the entanglement comes
from the free chains while the crosslinked network is almost
unentangled. Such material property is also discovered from the
calibration of the constitutive model on soft digital materials
(DMs) [42]. The entanglement modulus Ge and Ge

V are related
with the entanglement length Ne and Ne

V in the following way [25,
46]:

Ge
=

4
5
CRN/Ne, (37a)

e
V =

4
5
CR
VNV/Ne

V . (37b)

For a zero-valued Ge, Ne
≫ N , which indicates that the number of

he monomers between two entanglements is much larger than
he number of monomers in a polymer chain in the crosslinked
etwork. Interestingly, such results imply that the polymer chains
n the crosslinked network that contributes to the hyperelasticity
either entangle with each other nor entangle with free chains.
7

While from Eq. (37b), one can obtain the entanglement length Ne
V

for the free chains’ network to be approximately 54.1. It indicates
that there are approximately two entanglements existing in a free
chain on average. We also notice that τR and τD have the following
relation [25]:

τR/τD =
a
3L
, (38)

here L is the constant contour length of the primitive chain and
is the step length of the primitive chain. Since a is of the order
f the mesh size of the network and is much smaller than L, it is
easonable that in Table 3 we have τR much less than τD.

By observing Figs. 2(a), 3(a), and 4, one can see that the fitting
esults is quite accurate for different loading types, as well as for a
ide range of loading rates and strains. For both uniaxial tension
nd simple shear, the OCA shows a clear rate-dependent stress
esponse: the faster the loading rate, the stiffer the material gets,
s shown in both Figs. 2(a) and 3(a). This is because when the
oading rate increases, the viscoelastic part of the stress PV also
ncreases, shown by Figs. 2(b) and 3(b). From these two figures,
ne can also see that the hyperelastic part contributes more
han the viscous part at large strains. In Figs. 2(c) and 3(c), we
lot the 11-component and 12-component for the contour length
elaxation part of the viscous stress PV

f and the disentanglement
art PV

c for the uniaxial tension test and the simple shear test,
espectively. One could observe that for both the tensile test and
he shear test, the contour length relaxation part PV

f is almost zero
t the low loading rate ε̇ = 0.01 s−1. However, as the loading rate

grows from 0.1 s−1 to 1 s−1, PV
f increases dramatically. Since the

contour length relaxation time scale τR is small (∼ 1 s), PV
f only

gives significant responses at high loading rates. For the uniaxial

tension test, the contour length relaxation part of the viscous
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Fig. 4. The fitting results of engineering stress–time curves for the relaxation test and loading–unloading test by simple shear, compared with experiments. (a):
loading rate ε̇ = 0.01 s−1 , loaded up to 500% engineering shear strain. (b): loading rate ε̇ = 0.1 s−1 , loaded up to 500% engineering shear strain. (c): loading/unloading
ate ε̇ = ±0.01 s−1 , loaded up to 800% engineering shear strain. (d): loading/unloading rate ε̇ = ±0.1 s−1 , loaded up to 800% engineering shear strain.
tress PV
f contributes much more to the total stress than the

isentanglement part PV
c at high loading rates (the green curves

n Fig. 2(c) & (d)). This leads to the dramatic increase in the total
ngineering stress as the loading rate changes from ε̇ = 0.1 s−1

o 1 s−1 for the uniaxial tensile test (Fig. 2(a)). For the simple
hear test, the disentanglement part PV

c is almost comparable to
V
f at the high loading rate (the green curves in Fig. 3, (c) & (d)).
nd PV

c increases less rapidly than PV
f as the loading rate grows.

herefore, the engineering shear stress in the simple shear test
ncreases more gently than the engineering tensile stress in the
niaxial tension test as the loading rate increases, by comparing
igs. 2(a) and 3(a).
We then testify the accuracy of our constitutive model by ap-

lying it onto the stress relaxation test and the loading–unloading
est. The results plotted in Fig. 4 indicate that our constitu-
ive model characterizes the stress relaxation response and the
oading–unloading response of the OCA quite well in general.
rom Fig. 4(c) and (d), we could see that the stress during the
nloading process is smaller than that in the loading process
nder the same shear strain, which implies the dissipative nature
f viscoelastic materials. Moreover, we observe that a residual
train occurs when the stress reaches zero in the material: for
he case ε̇ = ±0.01 s−1, the residual engineering shear strain is
pproximately 1; while for the case ε̇ = ±0.1 s−1, its value is
oughly 0.6.

.2. The comparison between our model with other simplified
etwork-based constitutive models

In this part, we replace the full-network hyperelastic network
esponse in our hyper-viscoelastic constitutive model by other
implified network-based network models to see the differences
aused by these simplifications. The simplified hyperelastic mod-

ls we adopt here are Khiêm and Itskov’s generalized model

8

for rubber elasticity [60] and the average-stretch model that is
also known as Arruda–Boyce eight-chain model, pointed out by
Beatty [18]. We note that for both models, only the network
response is adopted here, while the topological constraint stress
is still obtained by Eqs. (6)∼(10). The viscoelastic response in
the constitutive models also remains unchanged. Firstly, we sub-
stitute the fitted material parameters in Table 3 to the new
viscoelastic model with simplified hyperelastic responses and set
the loading rate ε̇ = 0.1 s−1. From Fig. 5, we can see that
for the same material parameters and loading rate, the full-
network-based viscoelastic model gives the largest prediction,
while Khiêm and Itskov’s model gives the smallest prediction.
This is because Khiêm and Itskov’s model mainly considers the
mean chain deformation with a stretch amplification exponent
q according to the generalized network-averaging concept. In
this model, a continuous version of Rayleigh exact distribution
function is used instead of the commonly-used Langevin distri-
bution function. And a non-affine deformation theory with the
assumption that a chain may slip though entanglements (q ≤ 1)
underestimates the deformation sustained in the network chains,
comparing with the average-stretch model. The non-affinity pa-
rameter q adopted in the calculation in Fig. 5 is set to be q ≈

1 based on Khiêm and Itskov’s work on elastomers [60]. Next,
we fit the material parameters by using these two simplified-
network-based visco-hyperelastic constitutive models. During the
fitting process, we assume that the viscoelastic response does not
change, thus, τR and τD remain the same. And we further assume
that the numbers of polymer chains within a unit sphere for
both the crosslinked and free chains’ network remain unchanged,
indicating that CR and CR

V do not vary. If the entanglement in the
crosslinked network is still negligible, then it will leave us only
three material parameters: N , NV , and Ge

V to fit, whose fitting
results are listed in Table 4. The stretch amplification exponent q
that relates to the deformation non-affinity is fitted as q = 0.963,
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Fig. 5. Comparisons between the full-network model, the average-stretch model, and Khiêm and Itskov’s generalized model for rubber elasticity. The loading rate
ε̇ = 0.1 s−1 . (a): the results for the uniaxial tension test. (b): the results for the simple shear test.
Fig. 6. The fitting results of engineering stress–strain curves by using the viscoelastic constitutive law based on Khiêm and Itskov’s generalized model for rubber
lasticity. (a): the experimental data and fitting results of uniaxial tension test at stretch rates ε̇ = 0.01 s−1 , 0.1 s−1 , and 1 s−1 . (b): The experimental data and
itting results of uniaxial tension test at stretch rates ε̇ = 0.01 s−1 , 0.1 s−1 , and 1 s−1 .
l

Table 2
The material parameters that need fitting.
Parameter Physical meaning

CR Rubber modulus of an unentangled crosslinked network
N The average number of the monomers of a single polymer

chain in the crosslinked network
Ge Rubber modulus of the entanglement in the crosslinked

network
CR
V Rubber modulus of an unentangled free chains’ network

NV The average number of the monomers of a single polymer
chain in the free chains’ network

Ge
V Rubber modulus of the entanglement of free chains
τR The relaxation time scale of the end-to-end contour length

relaxation of free chains
τD The relaxation time scale of disentanglement of free chains

indicting that an affine deformation assumption is sufficiently
accurate to characterize the network deformation. The fitting
curves are plotted in Figs. 6 and 7. From the both figures, we
could see that both Khiêm and Itskov’s model and the average-
stretch-based model can give the fitting results which are as good
as the full-network-based model. The difference is that Khiêm
and Itskov’s model underestimates the average numbers of the
monomers in the crosslinked network and the free chains, as well
as the entanglement modulus Ge

V of free chains more than the
verage-stretch-based model.

.3. ABAQUS UMAT case study

In this part, we program the full-network-based
isco-hyperelastic constitutive model into ABAQUS UMAT. Two
9

examples: a three-point-bending simulation for a three-layered
laminated plate and a uniform-curvature-bending simulation of
a partially laminated plate are studied in this section to verify
the applicability of our constitutive model to finite element
simulations. The material parameters are adopted from Table 2.

4.3.1. The three-point-bending simulation for a three-layered lami-
nate structure

The sample for the three-point bending simulation is a three-
layered laminated plate, with the OCA being the middle layer
and the PET being the upper and bottom layers. The dimensions
used in the simulation are shown in Fig. 8(a). Such structure
is frequently used to test the mechanical properties of OCAs in
display industries [49]. The PET is modeled as a piece of isotropic
linear material whose Young’s modulus and the Poisson’s ratio
are 2.6 GPa and 0.33, [61] respectively. The Z-dimensional size
of the plate is set to be much larger than the thickness so that
the deformation is close to a two-dimensional case. A 1 mm-
displacement load in the negative Y-direction is applied to the
roller on the plate in 1 s. The distribution of the total Cauchy
stress component σ11 around the symmetry plane (the dashed
ine in Fig. 8(a) & (g)) is plotted in Fig. 8(b) for t = 1 s. We
also extract the distribution of σ11 along the symmetry plane with
respect to the Y-coordinates at different time steps, plotted in
Fig. 8(c). Since the PET is much stiffer than the OCA, the stress in
PET is much larger than that in OCA. A stress discontinuity exists
at the material interface due to the material inhomogeneity. From
Fig. 8(c), we can see that the upper and the bottom layers of PET
have their own neutral planes. The deformed configuration of the
right-end of the plate is plotted at given time steps in Fig. 8(d).
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Table 3
The fitted material parameters under the room temperature.
Temperature (K) CR (104 Pa) N Ge (104 Pa) CR

V (104 Pa) NV Ge
V (104 Pa) τR (s) τD (s)

298 0.8556 130.4 0.0 1.8228 117.0 3.1544 0.811 227.5
Table 4
The fitted material parameters by simplified models under the room temperature.
Model CR (104 Pa) N Ge (104 Pa) CR

V (104 Pa) NV Ge
V (104 Pa) τR (s) τD (s)

Khiêm and Itskov’s model 0.8556 51.3 0.0 1.8228 45.2 2.6750 0.811 227.5
Average-stretch-based 0.8556 63.2 0.0 1.8228 52.0 3.0864 0.811 227.5
Fig. 7. The fitting results of engineering stress–strain curves by using the average-stretch-model-based viscoelastic constitutive law. (a): the experimental data and
fitting results of uniaxial tension test at stretch rates ε̇ = 0.01 s−1 , 0.1 s−1 , and 1 s−1 . (b): The experimental data and fitting results of uniaxial tension test at stretch
ates ε̇ = 0.01 s−1 , 0.1 s−1 , and 1 s−1 .
Fig. 8. A three-point-bending simulation for a three-layered laminated structure. (a) The structure and the dimensions of the composite plate. (b) The contour of
σ11 in the laminated plate at the final time step around the symmetry plane of the structure (the dashed line). (c) The distribution of σ11 along the symmetry plane
ith respect to the Y-coordinates at different time steps. (d) The deformed configuration of the right end of the plate at given time steps. The red stands for OCA;
he green stands for PET.
s
i
I
b

ne could see that owing to multiple neutral planes of the PET,
he intermediate OCA layer (as shown in red) is gradually sheared
s the load increases.

.3.2. The uniform-curvature-bending simulation
Next, we simulate the uniform-curvature-bending of a par-

ially laminated plate. The plate has a middle layer made by OCA
 m

10
with a length equal to 15 mm. Part of the OCA, with a length of
15−πr/2 mm, is sticked to two PET plate. The dimensions of the
tructure are shown in Fig. 9(a). A clamped boundary constraint
s applied onto the left end of the sample, shown in Fig. 9(a).
n our simulation, such boundary setup is modeled as a fixed
oundary condition: u = 0 (u for the displacement vector). To
ake the single-layer part of the OCA bend to form an arc, we add
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Fig. 9. A uniform-curvature-bending simulation for a partially laminated OCA-PET composite plate (a) The structure and the dimensions of the composite plate. (b)
The applied moment-versus-time curve is plotted with respect to different loading time. (c) The deformed configurations and the contour of σ11 at different time
steps, taking loading time t1 = 0.5 s as an example.
a displacement and a counterclockwise rotation onto a material
cross-section of the OCA layer. The material cross-section lies in
the Y–Z plane with an X coordinate equal to 5 mm. In ABAQUS, it
is realized by adding the displacement and the rotation load on
the reference point (shown in Fig. 9(a)) which ties itself to the
specified material cross-section of the OCA layer. The curvature
of the neutral plane of this part of OCA remains uniform at each
material point for any time step. This part of OCA will finally bend
into one quarter of an entire circle at the last time step, with a
radius r = (10/π ) mm, as shown in Fig. 9(c). The whole bending
process is taken in t1 = 0.5 s, t2 = 1 s, and t3 = 2 s, respectively;
the structure is then hold still for another period of time. We
simulate the whole process and extract the moment applied on
the reference point as a function of time with respect to t1, t2, and
t3. The results plotted in Fig. 9(b) show that the moment applied
firstly increase and then relaxes. As the loading time increases,
the maximum moment decreases, shown by the dashed line.

5. Conclusions

In this paper, we propose a three-dimensional network-based
visco-hyperelastic model for OCAs. This model considers both the
full-network polymer structures and free polymer chains along
with topological constraints due to entanglements. Two main
origins of viscoelasticity: the contour length relaxation and the
disentanglement of free chains are taken into consideration. The
model is validated by the various of experimental tests conducted
on 3M OCAs. The rate-dependent mechanical response of the
model is thoroughly studied in the paper. Later, we replace the
full-network hyperelastic response applied in our constitutive
model by other simplified physical models to see the differences
caused by the simplifications. We find that both Khiêm and It-
skov’s model and the average-stretch-based model underestimate
not only the average numbers of the monomers in the crosslinked
and the free chains’ network, but also the entanglement modulus
Ge
V of free chains. Additionally, we have proposed a material

update scheme for ABAQUS UMAT. Two finite element implemen-
tations of our constitutive model are presented in the last part of
the work.
11
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